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ABSTRACT 



Let Uq{Q) be the quantized universal enveloping algebra of the afHne Lie algebra g associated to 
a finite-dimensional complex simple Lie algebra g, and let U^'^^{q) be the Cff/, (/^^]-subalgebra of 
Uq{g) generated by the g-divided powers of the Chevalley generators. Let UI^^{q) be the Hopf 
algebra obtained from J7g®^(g) by specialising g to a non-zero complex number e of odd order. We 
classify the finite-dimensional irreducible representations of J7^®^(g) in terms of highest weights. 
We also give a 'factorisation' theorem for such representations: namely, any finite-dimensional 
irreducible representation of U^'^^{g) is isomorphic to a tensor product of two representations, 
one factor being the pull-back of a representation of g by Lusztig's Frobenius homomorphism 
Ftc : U^'^^(q) Uis), the other factor being an irreducible representation of the Frobenius ker- 
nel. Finally, we give a cone! ! ! rete construction of all of the finite-dimensional irreducible 
representations of U^'^^{sl2). The proofs make use of several interesting new identities in Uq{Q). 
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0. Introduction 

Let Uq{g) be the Drinferd-Jimbo quantum group associated to a symmetrizable 
Kac-Moody algebra g. Thus, Uq{Q) is a Hopf algebra over the field 'C{q) of rational 
functions of an indeterminate q, and is defined by certain generators and relations 
(which are written down in Proposition 1.1 below for the cases of interest in this 
paper). Roughly speaking, one thinks of Uq{g) as a family of Hopf algebras depend- 
ing on a 'parameter' q. To make this precise, one constructs a 'specialisation' U^{q) 
of Uq{Q), for a non-zero complex number e, as follows. If e G C is transcendental, 
define U^{q) — Uq{Q) ®c(q) C, via the algebra homomorphism C(g) — > C that takes q 
to e. If, on the other hand, e is algebraic, the latter homomorphism does not exist, 
and one proceeds by first constructing a C[q, q'~-'^]-form of Uq{Q), i.e. a !!!C[q', q~^]- 
(Hopf) subalgebra Uq{Q) of Uq{g) such that Uq{g) = Uq{Q) <8)c[g,q-i] ^{o}- Then one 
defines Ueio) = Uq{Q) ®c[g,g-i] C, via the algebra homomorphism C[q,q~^] — > C 
that takes q to e. 

Two such C[g, g"^] -forms have been studied in the literature. They lead to the 
same algebra U^{q) when e is not a root of unity, but different algebras, with very 
different representation theories, when e is a root of unity. 

In the 'non-restricted' form, one takes Uq{g) to be the Cf^f, qf^-^J-subalgebra of 
Uqio) generated by the Chevalley generators e^, fi of Uq{Q). The finite-dimensional 
representations of the non-restricted specialisation U^{q) have been studied by De 
Concini, Kac and Procesi [10], [11], when g is finite-dimensional, and by Beck and 
Kac [2] , when g is (untwisted) affine. 

In the 'restricted' form, one takes Uqio) to be the C[q, q-"^] -subalgebra of Uq{g) 
generated by the divided powers e^/[r]g! and fl /[r]ql, for all r > 0, where [r]q\ de- 
notes a g-factorial. When g is finite-dimensional and e is a root of unity, the struc- 
ture and representation theory of the restricted specialisation U^^^{q) was worked 
out by Lusztig (see [5], [15] and the references there). It is the purpose of the 
present work to study the finite-dimensional representations of Ul^^{g) when e is a 
root of unity and g is (untwisted) affine. 

Part of our work may be regarded as the quantum analogue of Garland's pa- 
per [13]. A crucial role is played in [13] by a certain identity (Lemma 7.5) that 
is needed to prove a suitable triangular decomposition of the restricted form of 
U{g) (analogous to Uq^^{g)). The proof of the analogue of Garland's lemma in the 
quantinn case (Lemma 5.1 below) is, however, more difficult than in the classical 
situation because the generators of the 'positive part' of U^^^{g) do not commute, 
whereas their classical analogues do commute. Moreover, Garland makes use of a 
natural derivation of U{g) which turns out to have no straightforward analogue in 
the quantum situation. Lemma 5.1 is one of several interesting new identities in 
Uq^^{g) that we obtain below. One of these (equation (19) below) shows an unex- 
pected (and as yet unexplained) connection between Uq^^{sl2) and Young diagrams. 
(This relation is invisible i! ! ! n the classical situation considered by Garland.) 

Once the triangular decomposition of U^^^{g) is available, we are able to give, 
in Theorem 8.2, an abstract highest weight description of its finite-dimensional 
irreducible representations. It turns out that there is a natural one-to-one cor- 
respondence between the finite-dimensional irreducible representations of Ul^^{g) 
when e is a root of unity, and those of U^{g) when e is not a root of unity, although 

„ ]; , i-^i-: 1 j;fr j- j;™ ; ;„ „ 1 /j-U^ 
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tations of Ue{g) when e is not a root of unity were classified in [4], [5] and [6]). 
This is exactly parallel to the situation for U^'^^{q) when dim(0) < oo, where the 
finite-dimensional irreducible representations are parametrised by dominant inte- 
gral weights whether or not e is a root of unity (see [5], Chapter 11, and [15]). 

One of the most important results about the finite-dimensional irreducible repre- 
sentations V of UI'^^{q) when dim(g) < oo and e is a root of unity of order £ asserts 
that V factorises into the tensor product of a representation whose highest weight 
is divisible by £ and one whose highest weight is 'less than £\ in the sense that its 
value on every simple coroot of g is less than £ (see [5] and [15]). In Section 9, we 
prove an analogue of this result for U^^^{g) (Theorem 9.1). 

It is well known that there is a close relationship between finite-dimensional 
representations of quantum affine algebras and affine Toda theories (see [7] and the 
references there). The value of e is determined by the 'coupling constant' of the 
associated theory. Since the representation theory of Ul^^{g) depends crucially on 
whether e is a root of unity or not, one would expect that the structure of affine 
Toda theories will be different at certain special values of the coupling constant. 
This does indeed appear to be the case (T. J. HoUowood, private communication), 
but we shall leave further discussion of this point to another place. 



1. Preliminaries 

In this section and the next, we recall certain facts about Q and g and their asso- 
ciated quantum groups that will be needed later. See [1], [5] and [15] for further 
details. 

Let {aij)ij^i be the Cartan matrix of the finite-dimensional complex simple Lie 
algebra g, let / = /U{0}, and let (flyO^jg/ be the generalised Cartan matrix of 
the untwisted affine Lie algebra g of g. Let {di)^^j be the coprime positive integers 
such that the matrix {dittij)- is symmetric. 

Let P be the lattice over Z with basis (Ai)ig/, let aj — "^i^j djiK {j £ I), and 
let Q = J2iei — ^- '^^^ ^^^^ lattice Q = Homz(-P, Z) has basis the simple roots 
{ai)i^i of g, where ai{Xj) = Sij. Similarly, the weight lattice P = Homz(Q,Z) has 
basis the fundamental weights {Xi)i^i of g, where Xi{aj) = S^j. Let P'^ = 
{XeP \ X{a,) > for aU i e /}, and let Q+ = ^^^j N.a,. 

For z G /, define Si : P P hj Si{x) = x — ai{x)ai, and let W be the group of 
automorphisms of P generated by the Si. Then, W acts on Q by Si{^) = ^ — C{ai)ai, 
for ^ G Q. The root and coroot systems of g are given, respectively, by -R = 
[Ji^j Wui, R = UiG/ WoLi- There is a partial order on R such that a < (3 ii and 
only if /3 — a is a linear combination of the ai [i G /) with non-negative integer 
coefficients. The correspondence ai <-> Ofj extends to a VF-invariant correspondence 
R ^ R, written a ^ a, such that a{a) = 2 for all a & R. Define Sa '■ P ^ P hy 
Sa{x) = X — a{x)a, for all a E R. 

Let W = WxPhe the semi-direct product group defined using the W action on 
P. For s G W, write s for (s, 0) G W, and for a; G -P write x for (1, x) G W, where 1 
is the identity element of W. Let 9 be the highest root of g with respect to <, and 
write So for [sg, 9) G W. Let W be the (normal) subgroup of W generated by the 

„ f — „• ^ f ] n" Ti/ /Ti/ rpi /T- • £;„;j-„ „ ; — ™ j-„ „ — u„ 



of the group of diagram automorphisms of g, i.e. the bijections r : I ^ I such 
that ciT{i)T{j) = for all i,j e /. Moreover, there is an isomorphism of groups 
W = TxW, where the semi-direct product is defined using the action of T in 
given by r.Sj = s^-^j) (see [1]). If w G W, a reduced expression for w is an expression 
I \ \ w = TSi^Si^ ■ ■ ■ ^in with r G T, Zi, Z2, . . . , «n / and n minimal. 

The universal enveloping algebra U{q) (resp. U{q)) is the associative algebra 
over C with generators e^, hi for i G / (resp. i E 1) and defining relations 



^3 



1 O-ij / ^ \ 

r=0 ^ ^ 



iii^j, 



where (resp. i,j G /). 

Let q be an indeterminate, let C{q) be the field of rational functions of q with 
complex coefficients, and let C[q,q~^] be the ring of Laurent polynomials. For 
r,n & N, n > r, define 



[n],! = [n],[n-l],...[2],[l]„ 

n 



q [r]q\[n-r]qV 



Then [^j^ G ^[g, g ^] for all n > r > 0. One has the identity 

(1) 



E(-i)-9 



r r(n— 1) 



r=0 



= 



for all n > 0. Let qi = q'^^ for i e I. 

Proposition 1.1. There is a Hopf algebra Uq{Q) over ^.{q) which is generated as 
an algebra by elements ef, k^^ (i E 1), with the following defining relations: 

hh~^ — h~^h- — 1 hh- — hh- 

jt..p±7.-l _ ±aij- ± 



l — ai 



r=0 



1 — a 



y -1 ' 



iefVefief) 



ifij^j. 



The comultiplication of Uq{Q) is given on generators by 



A / ^ ^ 
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for i & i. 

Restricting the indices i,j to I, one obtains a Hopf algebra Uq{Q). 

Define Uq{g)'^ (resp. Uq{g)*^) to be the C(g)-subalgebra of Uq{g) generated by 
ttie (resp. by tlie kf^) for all i E I. 

There is a natural injective homomorphism of C(q')-Hopf algebras Uq{g) — > Uq{g) 
that takes to and ki to ki, for all i & I. In particular, any representation of 
Uq{g) can be regarded as a representation of Uq{g). 

It is convenient to use the following notation: 



Let Tj (z e /) be the C(q')-algebra automorphisms of Uq{Q) defined by Lusztig 
[15] (our notational conventions differ slightly from his): 

^^(4) = E 5»"'^K+)^-"--''^e+(e+)('-) if i ^ J, 

r=0 
r=0 

If z e /, Ti induces an automorphism of the subalgebra Uq{Q) of Uq{g), also denoted 
by T,. 

There is, of course, a classical analogue Ti of Tj for all i E I, given by the above 
formulas with replaced by and ki replaced by 1, and with Ti{hj) = hj — aijhi. 
The Ti are Hopf algebra automorphisms of U{g). 

The finite group T acts as C(Q)-Hopf algebra automorphisms of Uq{g) by 

T.ef = eJ^.^, T.ki = kr(i), for alH e /. 
Similarly, T acts as Hopf algebra automorphisms of U (g) by 
T.ef = e^^.y T.hi = hr{i), for alH e /. 

If w e has a reduced expression w = rsi^ . . . Si^, let T^ be the C(q')-algebra 
automorphism of Uq{g) given by T^ = rTi^ . . .Ti^. Then, T^ depends only on w, 
and not on the choice of its reduced expression [1]. In particular, for any i E I, 
we have a well defined C(g)-algebra automorphism T^. of Uq{g). Similarly, one has 
Hopf algebra automorphisms T^, oi U (g) . 

Let C/f"(0) (resp. C/f"(0)) be the Cf?, ^-^l-subalgebra of Uq(g) (resp. Uq(g)) 

generated by the kf^ and the (e^)*^^) for alH G /, r G N (resp. for alH G /, r G N). 
Then, Ug'^^{g) (resp. Ug^^{g)) is a C[g, g~^]-Hopf subalgebra of C/g(0) (resp. Uq{g)). 

AT ^r^es^'..^ / ^rres^'i,^^ ; ] u,, u;„™ Tt r — „ii ■ ^ r 



(resp. for all i E I). In fact [15], if i,jei,ne N, 

= (-l)>r^""'^(e-)(")/cr, T,((e-)(")) = (-1) V("-^)/c--(e+)("), 

—naij 



r=0 
—na 



r=0 



The action of T obviously preserves U^^^{q). 
For r e N, n e Z, i e /, define 



r 



=n 



The importance of these elements stems from the identity 



(2) 



min(r,s) 



ki;2t — r — s 
t 



+ \ir-t) 
i 



(ef) 



r 



e for aU 



for all r, s G N, i G /. It follows from this identity that 
r G N, n G Z, i G /. 

Let UI^^{q)^ be the subalgebra of UI^^{q) generated by the (e^)^'"^ for all z G /, 



r G N, and let Uq^^{QY be the subalgebra generated by the kf^ and the 

for all r G N, n G Z, z G /. Multiplication defines an isomorphism of C(Q)-vector 
spaces 

The appropriate definitions of Uq^^{Q)^ and Uq^^{Q)^ will be given at the end of 
Section 3. 

Let I be an odd integer with £ > 3, and assume that I is not divisible by 3 if 
is of type G2- Let e G C be a primitive lih. root of unity, and set 

via the algebra homomorphism C[g, q~^] — > C that takes q to e. If x is any element 
of t/g^'^(0) (resp. we denote the corresponding element of U^^^{g) (resp. 

U^^^io)) also by x. 

Define U^'^^{q)^ and [/^'^^(fl)'' in the obvious way. It is known that C/J'^^(0)° is gen- 
erated by the k^^ and the , for i E I. Multiplication defines an isomorphism 
of C-vector spaces 



res /_\-|- 



„4- — ] u,. „± r — ■ ^ T ] ^rres^'_^0 
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We shall make use of the characteristic zero Probenius homomorphisms defined 
by Lusztig (see [15], Chapter 35). Namely, there exist homomorphisms of Hopf 
algebras 

Fr, : Urid) - t7(0), Fr, : Urid) ^ U{d) 



such that, for i e I, 



(e^)''/ 

Fr,(A;,) = l, Fr,((e±)(-)) = << 'tlW- 



if £ divides r, 
otherwise. 



and for z e /, 



(e^)''/ 

Fr,(A;,) = 1, Fre((e±)(-)) = { 



if i divides r, 
otherwise. 



To discuss finite-dimensional representations of U^^'^{g), or of its specialization 
UI^^{q), it is advantageous to use another realization of Uq{Q), due to Drinfel'd [12], 
Beck [1] and Jing [14]. 

Theorem 1.2. There is an isomorphism of C{q) -Hopf algebras from Uq{g) to the 
algebra with generators xf^ (i E I , r G Z), kf'^ (i E I), hi^r (i E I, r E Z\{0}) and 
c^-*^/^, and the following defining relations: 

c^'*'/^ are central, 

k^kj^ — A/^ ki — I5 c ^ c ^ — c ^ c ^ — 1, 
kj^kj — kjk'i^ k'lhj^'p — hj^fk'i^ 

1 c"" - 

[^i,r) ^j,s] = ^r,— s~[^Oij]qi ZT) 
^ ^3 - <lj 



[hi,r,Xj^^] — ± ^[raij]q.C^^ -^J.r+s' 

^i,r+s ^ ri,r+s 



_ C 



i,ri "^3, si "^J —1 

Qi - Qi 



/or a// sequences of integers ri, . . . , rm, where m = 1 — aij , E^. «s i/ie symmetric 
group on m letters, and the ip^^ are determined by equating powers of u in the 
formal power series 



oo 



r=0 \ s=l 

T/ie isomorphism is given by 
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where o : I {il} o w-Q^* such that o{i) = —o{j) whenever aij < (it is clear 
that there are exactly two possible choices for a). 

The classical analogues of the generators xf.^ and hi^r are given by 

The latter elements, together with a central element c, generate U (g) and the 

defining relations are obtained from those in 1.2 by interpreting c as q'-^, ki as 

ip^^ (resp. 'i/'i~r) " Qi^)hi,r if r > (resp. if r < 0), and letting q tend to one. 

For each i & I, there is an injective homomorphism of C(g)-algebras <fi : 
Uq^{sl2) Uqlo) that takes to x^^ and ip^ to ipfj,, for all r & Z (as usual, 
we drop the (unique) Dynkin diagram subscript when dealing with Uq{sl2)) (see 
[1], Proposition 3.8). It follows immediately from 1.2 that U^^^^{sl2) is gener- 
ated as a C[q',q'~^]-algebra by c=^^/^, k^'^ and the (a;^)^'') for n e Z, r e N (for 
Cq" = Xi and Bq = c~-'^A;a;]ti). Since the T^. preserve [/^^^(g), it is also clear that 

(a;,^^)(^) e C/g'^'(0) for aU z e /, n e Z, r e N. It follows that ifiiUl'r^sh)) Q [/^^^^(fl), 

and hence that (fi induces a C-algebra homomorphism (pi : U^^^{sl2) U^'^^{q). 

We have that T^. fixes ^pi{Uq^{sl2)) pointwise if z,j & I, i ^ j ([1], Corollary 3.2). 

Wc denote the obvious classical analogue of (pi by Tpj^ : U{sl2) — >■ U{q). 
Finally, we shall need the following automorphisms of Uq{Q): 

Proposition 1.3. (a) There exists a C{q)-algebra anti- automorphism $ of Uq{Q) 
such that, for all i & I,r & Z, 

*«r-)=<., *(cV2)=C-V2, $(V.±)=V'±, ^h,,r) = h,,r. 

(b) There exists a C-algebra and coalgebra anti- automorphism VL ofUq{Q) such that 
^{q) — (^iT'd, for all i & I,r & Z, 

Moreover, Q and $ each preserve U^'^^{q), commute with T , and we have, for all 
i e /, 

Proof. The existence of ^» and Cl can be verified directly by using 1.2. It is obvious 
that $ and commute with T. The relations between Q, $ and the Tj are checked 
by verifying agreement on the generators e^, kp^ {j e /) of Uq{Q), on which they 
are given by 

$(e±) = ef , ^kj) = kj, 
n{ef) = ef, il{kj) = k-\ 

These formulas obviously imply that $ and preserve Uq^^{^). The fact that O 
is a coalgebra anti-automorphism can also be checked on the generators e^,kp^ 
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2. Representation Theory of Uq 

A representation V of Uq{Q) is said to be of type I if, for all i E I, ki acts semisimply 
on V with eigenvalues in qf. Any finite-dimensional irreducible representation 
of Uq{g) can be obtained from a type I representation by tensoring with a one- 
dimensional representation that takes each to zero and each ki to ±1. 
If A e P, the weight space Vx of a representation V of Uq{Q) is defined by 

Vx = {veV\ ki.v = q^'v} , 

where Ui = X{ai). We have 

A vector w in a type I representation V of Uq{g) is said to be a highest weight 
vector if there exists A e P such that 

V E Vx and .v — for all r G N, i G /. 

If, in addition, V = Uq{g).v, then V is said to be a highest weight representation 
with highest weight A. 

For any A G P, there exists, up to isomorphism, a unique irreducible represen- 
tation V{X) of Uq{Q) with highest weight A. We have 

V(A) = 0y(A)^. 

Every finite-dimensional irreducible type I representation of Uq{g) is isomorphic 
to V^(A) for some (unique) A G P"*". The character of V^(A), and in particular its 
dimension, is the same as that of the irreducible representation V{X) of q with the 
same highest weight A. 

Turning now to Uq{g), we say that a representation V of Uq{g) is type I if it 
is type I as a representation of Uq{g) and c^/^ acts as one on V. A vector v in 
a type I representation V of Uq{Q) is said to be a highest weight vector if v is 
annihilated by x^^, and is an eigenvector of i^f^, for alH G /, r G Z. If, in addition, 
V = Uq{Q).v, then V is said to be a highest weight representation of Uq{Q). One 
shows by the usual Verma module arguments that, for any set of scalars ^f^. such 
that \E'/"q\E'~q = 1, there is an irreducible highest weight representation V of Uq{g) 
with highest weight vector v such that ip^j,-v = ^'^^v for alH G /, r G Z (compare 
the proof of 7.3 below). Moreover, V is uniquely determined by the scalars ^f^., 
up to isomorphism. 

Theorem 2.1. The irreducible highest weight representation ofUq{Q) determined 
by the scalars is finite- dimensional if and only if there exist polynomials Pi G 
C{q)[u], for i & I, such that Pi{0) ^ and 

oo „ . _2 N oo 
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in the sense that the left- and right-hand sides are the Laurent expansions of the 
middle term about u = and u = oo, respectively. 

This is proved in [4], [5], [6] and [9]. From now on, we denote by Uq the set 
of polynomials P e C(q')[tt] such that -P(O) ^ 0, and by Eg the set of /-tuples of 
such polynomials. If P = {Pi)i^j G 11^, we denote by V(P) the finite-dimensional 
irreducible representation of Uq{Q) determined by P as in 2.1. 

If P = (P,),e/, Q = (g,),e/ e nj, define P ® Q = {P^Q^)^eI. The following 
result is proved in [9] (see 7.4 for the proof of an analogous result): 

Proposition 2.2. Let P, Q G 11^. IfV{P)®V{Q) is irreducible as a representation 
of Uq{Q), then it is isomorphic to V{P ® Q). 

We shall also need the classical analogue of 2.1. Let 11 the set of polynomials 
P G C[u] such that P{0) ^ 0, and let 11^ be the set of /-tuples of such polynomials. 
Then, the classical analogue of 2.1 states that every finite-dimensional irreducible 
representation V of U{g) is generated by a vector v that is annihilated by c and 
the xfj,, and such that hi^r-v = Hi^rV, where the scalars Hi^r £ C satisfy 

for some P = [Pi)i^i G 11^. We write V as V{P). The obvious classical analogue 
of 2.2 holds. 

Finite-dimensional irreducible representations of Uq{Q) can be constructed ex- 
plicitly when Q = sZ2, by means of the following result. We take / = {0, 1} when 
= sh. 

Proposition 2.3. For any non-zero a G 'C{q), there is an algebra homomorphism 
eva '■ Uq{sl2) Uq{sl2) such that 

(4) eua(ej) = q^^a^^e^, eVa{ko) = eVa{ef) = e^, eu„(/ci) = k. 
Moreover, we have, for all r G Z, 

(5) eva{x^) = q~^a^k^e^ , eva{x~) = q~^a^e~k^. 

See [4], Proposition 5.1, for the proof. If F is a representation of Uq{sl2)^ we 
denote by Va the 'evaluation representation' of Uq{sl2) obtained by pulling back V 
by eV(j. Let V{n) be the (n -|- 1) -dimensional irreducible type I representation of 

Uqish). 

Proposition 2.4. Let r, ni,... ,77-^ G N, and let ai,... ,ar G C(q') be non-zero. 
Then, the tensor product 

is irreducible as a representation of Uq{sl2) if and only if, for all 1 < s ^ t < r. 
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This is proved by exactly the same argument as Theorem 5.8 in [4]. 
It is easy to compute that V{n)a = V{Pn,a), where 

n 

(6) Pn,a{^)= n(l-«?""'"^M 

m=l 

(see [4], Corollary 4.2). It follows from 2.2 that, when the conditions in 2.4 are 
satisfied, 

where P = ni=i^n,,a,. 

The classical analogues of the homomorphisms eva exist for all g. They are the 
homomorphisms eVa : U{q) ^ U{q), defined for any non-zero a £ C, such that 

eva(eo ) = a^^ef, eva{ef) = ef, eva(ho) = -0, eva(hi) = hi, 

for i e I. Here, ef are root vectors corresponding to ±6, normalised so that 
[e^, e^] = 9. Evaluation representations Va of U{q) are defined in the obvious way. 
Using this construction, one can describe explicitly the representation V{P) for all 

p e n^. 

Theorem 2.5. Let P = {Pi)i^i G , and let {a^^, a^"^, . . . , be the union of 
the set of roots of Pi for all i E I. Write 

r 

Pi{u)^l[{l-asur- 

s=l 

for some integers rii^g > 0, and let Hs = Yliei ''^hs^i ^ ■ Then, 

F(P) ^ VMa, ® F(/X2)a, ® • • • ® VMa.. 

Conversely, if ni, . . . , /U^ G P"*" and ai, 02, . . . , o^. G C are non-zero, the tensor 
product y(/Ui)ai ® V{iJi2)a2 ® ' ' ' ® ^(A*r)a^ irreducible as a representation of q if 
and only z/ai, 02, . . . , are distinct. 

Proof. By using the methods in [3], one shows that every finite- dimensional irre- 
ducible representation of U (g) is isomorphic to a tensor product 

for some /i2, • • . , fir G P^ and non-zero ai, 02, • • • , ftr G C, and that the condi- 
tion for irreducibility of such a tensor product is as stated in 2.5. By the classical 
analogue of 2.2, it therefore suffices to prove that the /-tuple of polynomials {Pi)iei 
associated to V{iJ,s)as is given by Pi{u) = (1 — astt)"'*'". This is a straightforward 
computation. □ 



3. Some Identities 

In this section we establish certain identities in Uq{sl2) that will be needed later. 
By applying the homomorphisms (fi : Uq^{sl2) — ^ Uq{Q) defined in Section 1, one 
obtains corresponding identities in Uq{Q). As usual, we drop the subscript z G / 

1 „; 
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Definition 3.1. Set Pq = 1 and define G Uq{sl2)^ by induction onn & N using 
the formula 



-1 



l_ q-2n ^^'^rPn-r- 



Define P_n = ^{Pn)- 



Definition 3.1 can be conveniently reformulated by introducing the following 
elements of the algebra t^5('S^2)[[w]] of formal power series in an indeterminate u 
with coefficients in Uq{sl2)'- 

oo oo 
n=0 n=0 

Then, 3.1 is equivalent to 

(7) = 



as one sees in the case of the upper sign by multiplying both sides of (7) by V'^{u) 
and equating coefficients of (and in the case of the lower sign by applying Q). 

Lemma 3.2. For all n eN, we have 

^71 nr. 

p =_lV^/l P 
n ' ' If I 

Proof. We first prove that 



(8) P+(w) = J]^exp 



n=l ^ '■ ■'^ 



For this, it suffices to prove that if we substitute this formula for P+ into the 
right-hand side of (7), then (7) is satisfied: 



k exp 



oo 

n 



= A;exp (g-g ^) 



which equals by 1.2. 

Differentiating both sides of the equation 



\ogV^{u) = - 2^ 
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with respect to u now gives 



u- 



= -E 



Multiplying both sides of this equation by (u) and then equating coefficients of 
gives the identity in 3.2. □ 

Remark The identity (8) is equivalent to 

rkf=n 

for n > 0. 

We now study certain commutation formulas between the P„ and the x^. 
Lemma 3.3. Let n e N, r E Z. We have 

PnX^ — Pn ~ (Q' + l)^^i-Pn— 1 + Q X^-\-2Pn—2 

(ifn= 1, the last term on the right-hand side is omitted). 

Remark One can obtain a similar formula for n < by applying $n to both sides. 

Proof of 3.3. We proceed by induction on n. If n = there is nothing to prove, 
and if n = 1 the identity follows from 

Assume then that n > 2 and that the result is known for smaller values of n. 
Then we have, by 3.2, 

1 \-k mq^ 



\p ™+i _ V ^ \h P x^] 

IT' 1 [Tn\ g 
m=l '■ 



1 ^^-4 mq'^ [2m] _|_ 
n \m\a m 



n \m\a 

m=l '■ ■'^ 



by the induction hypothesis. So 

n-l 

^r+m-^ n—m 



n-l 

n 



,1 L''''Jg 



n — 1 ^ 

mq 



n [m]g 

/ . r 1 •'^r+2''"'n n—m—2- 
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If m > 3, the expression which right-multiphes x^_^_^ on the right-hand side of the 
last equation is 

nr N, ^ ^ [m-2], /"^^-^ 

while the expression which right-multiplies is, by 3.2, 

n n ^-^^ [mjg 



n n 
and that which right-multiplies x^^^ 

<l TT^T "n-2 / ^ — f — \ hmPn-m-2 H {Q + 1) -Pn-2 

n [2]q [mjg n 

n n 
This completes the inductive step, and the proof of 3.3. □ 
Lemma 3.4. Let r e Z, n e N. We have 

n 
m=0 

The proof is similar to that of 3.3. We omit the details. 

We shall also need the following result, which is easily deduced from the r = 
case of 3.4: 

Lemma 3.5. Let n, r e N. Then, 
{x+yPn = J]g™^+-^+-+"^'^[mi+l],[m2+l],...K+l],P, 



n— mi— 7712 mr^rni'^rn2 ' ' •'^mr' 



where the sum is over those non-negative integers mi,m2, . . . ,mr such that 
mi + m2 + • • • + rur < n. 

Let Ug^^{Q)^ be the C[q, g~-^]-subalgebras of Uq{Q) generated by the (xf^)^'^^ for 
all z e /, r G Z, n G N, and let U'^'^'^iQ)^ be the C[g, g-i]-subalgebra of UqCd) 
generated by U^''''{q)^ and the Pi^r = ^i{Pr) for alH G /, r G Z. Note that, by (9), 
Uq^^{Q)^ is also generated by Uq^^{Q)^ and the /ii,r/Hgi for alH G /, r G Z\{0}. 
Since, by 1.2, (x^^)*^"^ is equal, up to a sign, to a power of T^. applied to {ef)^'^\ 
it is obvious that C/f '(5)^ C C/f '(5). That C/f '(5)° C C/f will be proved in 
Section 5 (see 5.2). 
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Let ^ be an indeterminate, and form the polynomial algebra C(g)[^] over C{q). 
Define the following elements of the algebra ?7g(sZ2)[M]: 



oo 

n 



n=0 n=0 

Let 

be the unique homomorphisms of C(q')-algebras such that 
Writing 

CO 

n=0 

the homomorphism property of (u) is equivalent to 

n 
m=0 

for all f,g & C(g)[^]. The C((j)-linear maps : C(g)[^] — >• Uq{sl2)'^ are uniquely 
determined by this relation, together with 

Dt{0=<, D-{0^x-+,, Dt{l)=6n,o. 
Proposition 4.1. Let r, n G N. Writing ^^'^^ for ^'^/[r]ql, we have: 
(a) 

n 

(b) 

n 

t=o 

Let T be the C(g)-algebra automorphism T^^ of Uq{sl2) defined in Section 1; we 
have 

for all n e N. 

Proposition 4.2. Let r, n > 1. Then, 

r-l 
8=1 

the last term being present if and only if r <n. 

The main tool for proving these identities is the next lemma. Let Uq{sl2)'^'^ be 
the C(g)-subalgebra of Uq{sl2) generated by the x+ for all n > 0. It follows from 
the Poincare-Birkhoff-Witt basis of Uq{sl2) given in [1], Proposition 6.1, that 

is a C(g)-basis of Uq{sl2)'^'^. An element x E Uq{sl2)^^ is said to have degree r > 1 
if X is a linear combination of monomials (a^n )*"(^n-i)*"~^ • • • {x'^Y^ {xqY° with 
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Lemma 4.3. Let r > 1 and let x e Uq{sl2)^~^ have degree r. Suppose that x acts as 
zero on vf'^ e V{l)a^ <SiV{l)a2 <8) • • ■'^V{l)a^ for all non-zero ai,a2, ■ ■ ■ ,ar G C(q'). 
Then, a; = 0. 

Proof of 4-3. We proceed by induction on r. If r = 1, then 

oo 



oo 

X = 

n=0 



with aU but finitely many coefficients An e C(q') being zero. Using the formulas in 
Section 2 we have, in V{l)a, 



X 



vi= Xntt"^ vq. 



\n=0 



This can vanish for all non-zero a G C{q) only if An = for all n. 

Now assume the result for x e Uq{sl2)~^~^ of degree < r, and consider 

(10) x = J2 K^o, Si, ... , snKxty- . . . ix+y°, 

where the sum is over those sq, si, . . . > such that = r, and all but finitely 

many A(so, Si, . . . ) G C(g) are zero. Let N be the maximum value of n that occurs 
in (10), i.e. 

N = max{n | there exists sq, . . . ,Sn with A(so, . . . , Sn) 7^ 0}, 

and consider the action of x on F(l)a^ (g) V, where V = V{l)a2 <8) • • • (8) V{l)a^. 
Clearly, 

x.vf = F(ai, 02, . . . , ar)v^'', 

where F{ai, 02, . . . , a^) is a polynomial in ai, 02, . . . , ar with coefficients in C(q') 
whose degree in ai is < A^. We are going to identify the terms in F(ai, 02, . . . , a^) 
that involve af^. Since x acts as zero on vf^, the coefficient of must actually be 
zero. 

Let X"^ be the linear subspace of Uq{sl2) spanned (over C(q')) by the x"^ for all 
n e Z. By Proposition 5.4 in [4], if n > we have 

n 

^(4) = ® V'n-m + 1 4 modulo C/g(;Z2) (X+)' ® C/g(s\)X-. 

m=0 

Since (X"*")^ annihilates V{l)a^ for all ai, it follows that acts on V{l)a^ ®V os 
x'^ ® k -\- 1 ® x'^ and hence, by an easy induction on s > 1, that {x'^Y acts as 

s 

(11) {x^®k + i® x+y = J2 q'^"'^ f ^] „ (4)* ® i^iy-'k'- 



t=0 



It is now clear that terms involving in x.{vi (g) ff"^ ^) can arise only from the 
part 

(12) Yl ^(^0' • • • ' SN)A{x+y-A{{x+_,y--^ . . . (x+y^) 
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of A (a;), and in (12) only from the terms in which occurs in the first factor in 
the tensor product (note that if a square or higher power of occurs in the first 
factor of the tensor product, the corresponding term acts as zero on vi (8) vf'^~^). 
By (11), the coefficient of in x.vf^ is therefore 

J2 A(so, . . . , SN)q'^-'[sNW-^'''+'v, ® {x+r^-\x+_,y--^ . . . ix+y°.vf^-' 

So,... ,SJV 

= 9^^i® Yl Q-'''[sNux{so,...,SN){x+r^-\x+_,r--K..{x+r°.vf^-\ 

So,... ,Sn 

Thus, if X acts as zero on vf'^, this last expression must vanish, so by the induction 
hypothesis, 

5"'" M,x{so, SN){x+r^-\x+_,y--^ . . . {x+y- = 0. 

So,... ,Sn 

By [1], Proposition 6.1, this forces all the coefficients A(so, • • • ,sn) to vanish. 
But this contradicts the assumption that xn does occur on the right-hand side 
of (10). □ 

We shall also need the computations contained in the next two lemmas. 

Lemma 4.4. Let r > s > 1, and let ai,... ,ar G C(g) be non-zero. Then, in 
Vil)ai «) • • • <^V{l)a,, we have 

(13) (4)(^)(^+(«))(^-^).< = /,,,(ai, . . . , a,; u)v^^, 

where 



r — t 
s-t 



fs,r{ai, ... ,ar;u) = r y'(-l)* 

(1 - am) • • • (1 - arU) ^ 

and St{ai, . . . , a^.) is the t^^ elementary symmetric function of ai, . . . , a^, i.e. 

St{ai, . . . ,ar) = arj^ar2 ■ ■ -Clrf 

1 <ri <r2 < • • • <rt <r 

Proof. It is clear that (13) holds with some scalars /s,r(oi, ... ,ar;u) that are formal 
power series in u with coefficients in C{q). We can derive an inductive formula for 
them as follows. 

Working in V{l)a, ® V{l)a2 ® • • • ® V{l)a, we have, by (11) and the fact that 
V{l)a^ is annihilated by (X+)^, 

{x+y'^X+iuy-^vf'' = {l®{x+y'Hq'-^x+ ^{x+y'-^h)A:+{uY-\{vi^vf^^^^ 

Arguing as in the proof of 4.3, we see that X'^{u) acts on V{l)ai <SiV as 
X+{u) ® *+(m) + 1 (g) X+{u). Hence, 



{x^y^'^x+iuy-^vf = a:+{u).vi (8) (4)(^) J] a'+ («)**+ («)a'+(«) 

\t=0 

+ q~'+^vo k{x+y'-^^X+{uy-\vf'"-'^ 



r—s—t — l I „,®r— 1 



.V 



1 
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say. Clearly, 

B = q""'^ fs-i,r-\{a2-, ■ ■ ■ ,ar;u)v^''. 
To evaluate A, we first show that, for r > 1, 

r 

(15) modulo Uq(sl2)X-[[u]]. 

The proof is by induction on r. If r = 1, we have 

so 

^+{u)X+{u) = (g - q-^)X+{u)xQX+{u) - (g - q-^)x-X+{uf + k'^X+iu) 
= {q- q-')X^{u) {X^{u)x-, - 

- (g - g-^)a;o + A;-^A'+(w). 

Hence, 

= g[2]q/i;-^A'+(«)-(g-g-^)a;o A'+(^i)2+(g-g-i)A'+(w)2a;o , 
proving (15) when r = 1. Assume now that (15) is known for some r > 1. Then, 

r+l 



J] A'+ («)**+ («)A'+(i^)' 



\r-t+l 

r 

\r+l 



A'+(«)^A'+(w)**+(w)A'+(w)'^-* + *+(w)A'+(w)' 



t=0 



= A'+(«)(gqr + l],A;-iA'+(«)^ - (g - q-^)x^ X+ {uY^^) + *+(«)A'+(«)^+i 

modulo t/^(s/2)X-[[w]] 
= g'^+2[r + l]gfc-iA'+(w)'^+i - ((g - q-^)x^X+{u) + ^+(w) - k-^)X+{uY+^ 

+ ^+{u)X+{uY+^ modulo t/q(s/2)^"[M] 
= g^+^[r + 2]gA;-^A'+(«)'^+i - (g - q-^)xQ X+ {uY^'^ modulo f/g(sZ2)^"[M], 

completing the inductive step. 
Thus, 

A = X+{u).vi®{x+Y'^ (g"-"-i[r - s]gA;-iA'+(^i)^-*-i - (g - q-^)x^ X+{uY~') .vf'^. 
Now, by the formulas in 2.3, we have, in F(l)ai, 



oo oo ^ 

A'+(i.).^i = u^xt-v, = J2 <«"^o = — 7- 
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Moreover, an easy induction on s shows that 
Using these results, we get 

(1 - aiu)A = Vo^ J^^r-.-l+2(r-s-l)-2(r-l)[^ _ ^^^^^+^is) ^+ 

= (g'^fr - S]q/s,r-l(02, • • • , ar', u) - (g''"'' - g"'"+'')/s-l,r-l(a2, . . . , ttr, U 

Inserting these values of A and B into (14) gives 

z. — I /s-i,r-i(a2, . . . ,aj.;M) 

i — a-iu J 

+ ^^f'^ - S]q/s,r-l(a2, • • • ,0^.;^). 

This identity clearly determines the /s,r, by induction on r, in terms of /o,i and 
It therefore suffices to prove that the formula for fs^r in the statement of the 
lemma satisfies (16) and is correct when r = 1. 

Correctness for r = 1 is trivially checked. To verify (16), we must show that 



^(-l)*g*(- 



r — s 
t-s 



St{ai,..., ar)u' - q' J](-l)*g*('"-*-i)£t(a2, . . . , ar)u' 



s-1 



= ^q-r+s_qr-s^^^^J2{-iyq'^^- 



t=0 



r-t- 1 
s-t-1 



Thus, equating coefficients of u*, we are reduced to proving that 



r — t 
s-t 



St{ai, ... ,ar) -q 



s-t 



-r+s 



r-t-1 

r-t-1 
s-t-1 



£t{a2, ■■■ ,ar) 
St{a2, . . . ,ar) + 



r — t 
s-t 



Since 



£t(ai, . . . ,ar) = ai£^t_i(a2, . . . , a^) + £t{a2, • • . , a^) 



this reduces to 



r — t 




'r-t-1' 


= g-^+^ 


r — t — 


1 


_s-t_ 




s-t 




_s-t- 


1_ 



This identity is easily checked. □ 



20 



Lemma 4.5. Let r > 1 and let ai, . . . ,ar E C{q) be non-zero. Then, in 
V{l)a, ® • • • (8) V{l)a,, we have 

T{V+{u){^^''^)).vf = ai . ..arV+{^^'^^).vf. 

Proof. Assume that, for all 1 < s 7^ t < r, Os/at ^ q^. Then, V = V^(l)ai ® ■ ■ ■ V{l)a, 
is an irreducible highest weight representation of Uq{sl2) (see [9]). Let p : Uq{sl2) 
End(F) denote the action. Then, p o T is another irreducible representation of 
Uq{sl2), and since T takes Uq{sl2)'^ to itself and fixes Uq{sl2)^ pointwise, p o T is 
highest weight with the same highest weight as p. Hence, p o T is equivalent to p, 
i.e. there exists F e GLiV) such that 

F{x.v) = T{x).F{v) for all x e Uqish), veV. 

We might as well assume that F{vq'^) = vf'^. Then, 

Fivf) = cvf 

for some non-zero c G C(q'). We proceed to compute c. 
Using (11), we have 

{x+y.vf^ = {x+0k + i® x+y.vf 

= [rUvi {x+y-Kvf'-^ 

and hence by iteration. 
Similarly, 

{xQ^'-lvf'" = vf''. 

Hence, 

vf^ = (a;o = T{x^y''\F{vf'-) = F{{x^)^''lvf'-). 

Obviously, 

for some c' e C(q'). To compute c', apply (a^o")*^^^ to both sides of the last equation 
and use Proposition 3.5 in [4]: 

= (— 1)*" X (coefficient of vJ" in (1 — a\u) ... (1 — aru))vf'^ 
= (ai . ..ar)v^'', 

where the second equality used (6). Hence, c' — ai . . . Or and 

vf = (ai . . . ar)F{vf'') = (ai . . . a^)^® ^ 
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Finally, 



= c-^T(A'+(«)('-)).F«0 
= (ai...a^)F(A'+(«)W.<^) 
= (ai...a,)F(P+(«)(eW).0. 

But V~^{u){^^'^^).vf'^ is obviously a scalar multiple of v®'^, and so is fixed by F. 
Hence, 

T{V+{u){e^)).vf^ = (al...a,p+(«)(e^^)).<^ 

as claimed. 

Although we have proved this relation only under the assumption that ag/at ^ 
for all s 7^ t, it is clear that both sides are polynomials in ai, . . . , a^, so it must 
hold identically. □ 

We are finally in a position to prove 4.1 and 4.2. 

Proof of 4-1- By equating coefficients of on both sides, the identity in part (a) 
is easily seen to be equivalent to 

[r],(A'+(g2„) - X+{u))V+{uW-^) = q^-\V+{q^uW) ' 

or, since = X+{uY, to 

(17) [r]qX^{q^u)X+{uY-^ - q-\r - l]qX^{uY = q""'^ X+{q^uY . 

Now (17) holds trivially if r = 1, and we claim that it follows for all r if it holds for 
r = 2. Indeed, assuming that r > 3 and that the result is known for r — 1, we get 

q'-^X+{q^uY = qX+iq\)i[r - l],X+iq\)X+iuY-' - q-'[r - 2],A'+(«)^-i) 



= q[r - l],X+{q\YX+{uY-^ - [r - 2],X+{q^u)X+{ 
= [r - l],{[2]^X+{q^u)X+iu) - q-'X+{uY)X+{ 



r-2 



-[r-2]^X+{q\)X+{uY-' 
= [r],X+{q\)X+{uY-' - q-\r - l],A'+(«)^ 

where the penultimate equality is from the r = 2 case. 
Thus, it suffices to prove that 



+'-\Y. 



(18) [2]qX+{q'^u)X+{u) - q-^X+{uY = qX+{q 

By 4.3, it is enough to prove that both sides of (18) act in the same way on 
vi^vi e V{l)aj^®V{l)a2, for all non-zero ai,a2 G C(g). Recalling that 

A{X+{u)) = X+{u)m-^iu) + l0X+(u) modulo (t/g(sZ2)(^+)^®C^g(s/2)^")[M], 
and noting that, in V{l)a, 
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by the formulas in 2.3, we have 

= [2]q {X+{q^u) '^+{q^u)A:+{u) + X+{u)®X+{q\)^+{u)) .{vi^Vi) 

( 1 q- qa2U 1 1 q-^ - qa2U 1 \ 

= 2 Lj 2 -^ 2 -^ + \ \ 1 2 ^i®""! 

\ 1 — q'^aiu 1 — g^a2tt 1 — a2U 1 — a2U 1 — a2U 1 — g^a2W / 

= [^^^ ((l-gV«Kl-g'«2«) ^ {I - a,u){l - a2u)) 



-1/ 1 g-g ^a2W 1,1 1 g ^-qa2U 

q 1 Vi®Vi 

1 — aiu 1 — a2U 1 — a2U 1 — aiu 1 — a2U 1 — a2U 

g"M2]g 



(1 — aiu)(l — a2u) 
and hence 

qX+{q\f.{vi^Vi) = 2 

(1 - q''aiu){l - q^a2U) 

It is now clear that the two sides of (18) agree in their action on vi<SiVi, for all 
ai,a2- This proves part (a). 

The identity in part (b) can be converted into an equivalent identity for by 
using 

D- = -To^oD+, 

and this identity can then be proved by an argument similar to that used for part 
(a). We omit the details. □ 

Proof of 4-2- Multiplying both sides by u"^ and summing from n = to cxd, we see 
that the identity to be proved is equivalent to 

r-l 

8 = 1 

As in the proof of 4.1, we compute the action of both sides on vf'^ e l^(l)ai® • • • 'SiV{l)a^, 
for arbitrary non-zero ai, . . . , G C(g). Using 4.4 and 4.5, we see that it suffices 
to prove that 



(1 — aiu) ... (1 — ttrU) (1 — aiu) ... (1 — ttrU) 



1 — 1 S p 

^ ^^_l)s+t+lgs(r-l)+t(r-s) ~ * 

5 t 



St{ai,.. . ,ar)u* 



q ^ ^ai . . . GrU 
H h 1 

-^-q {1 — aiu) . . . {1 — GrU) ' 

i.e., after using the identity (1), 

= g^(^-i)ai . . . aru"^ - (-l)''^^^'-^) (1 - am) ... (1 - a^u) - 1 

+ E J](-l)^+*+^g^('"-^)+*('^-^) Z I] £t{ai, . . . , ar)u\ 
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The constant term on the right-hand side vanishes by identity (1) again, and the 
coefficient of u'^ obviously vanishes. If < t < r, the coefficient of u* on the 
right-hand side is 



r-l 



^_iy+t+^qr{r-l) qs{r-l)+t{r-s} 



s=t 



r — t 
s-t 



r-t 



p=0 




which vanishes by identity (1) once again. □ 

The foUowing coroUary of 4.2 wiU be needed later. 
Corollary 4.5. Let r,n> 1. Then, 

where the sum is over those non-negative integers sq, si, . . . such that st = r 
and ^ftst = n, and the coefficients fi{so,si, . . .) e C[q,q~^]. In particular, the 
coefficient of {x+)^''^ in D+^{l^^'')) is q^^i^-^) . 

Proof. The first part is immediate from 4.2. The second part follows by induction 
on r, noting that the term involving {x^)^^'^ can arise only from the second term 
on the right-hand side of the formula for given in 4.2. □ 

Remark It is possible to deduce an exact formula for from 4.2, namely 



Here, the sum is over all sequences tt : ri, r2, . . . of non-negative integers such that 
ri -|- 2r2 + 3r3 = n and ri + r2 + ■ ■ ■ < r. To such a sequence we associate 

a Young diagram which has ri rows of length 1, r2 rows of length 2, etc., so that 
1{'k) = ri + r2 + ■ ■ ■ is the total number of rows, and define /(tt) to be the sum of 
the products of the lengths of adjacent columns. For example, if tt is the sequence 
2, 1, 3, 1, 0, 0, ... , whose Young diagram is 



we have /(tt) = 7, /(tt) = 7x5-^5x4-^4x1 = 59. 

To prove the formula (19), one observes that 4.2 clearly determines D^(^*-''^), by 
induction on n for fixed r, and then by induction on r. Thus, it suffices to prove 

;„ „ .4- 1 „ 1 ;„ „i ] ;f J„£; r\+ 1 t(r)\ u,. 
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the right-hand side of (19), then the identity in 4.2 is satisfied. We omit the details 
as we shall not make use of (19) in the sequel. 

We conclude this section with the following result, which will be needed in 
Section 6. 

Proposition 4.6. For a// r e N, n e Z, we have 



Proof. For r e N, n e Z, define elements Ar^n G Uq{sl2) inductively by 

(20) ^0,n — ' ^r,n — ^i — l,n^o~ ~ 5 ^o'^'~ — l,w 

and let 

r 

Br,n = 5^(4)^4(4)'' 

s=0 

We shall prove the following identities: 

^ ^ + "i^o ^l[r-. + l],!j' 

The statement in the proposition for n > follows from these identities by induction 
on n. Indeed, the result is trivial if n = 0, since Br,o/[r+l]q\ = (xc^)('^+i). Assuming 
that Br,m/[r + l]g! G t^q'"(s^2)+ for all r e N, m < n, it follows from (21) that 
Ar,n/[r + l]q! G f/f '(5/2)+ for aU r e N, and then from (22) that Br,n/[r + l]g! e 

C/r(^'^2) + . 

Note that (21) can be written in the form 

r 

^r,n — '^r,s(^i") X^-ri^i) i 

where 

t=0 

Comparing coefficients of {x^Y x^_^{x^y~'^ on both sides of the second equation 
in (20), we see using (3) that (21) follows from 

_ 2r _ 
Cr,s — Q Cf—ljS Cj — l,s — 1. 

This is an easy consequence of the identity 

r 

+ 1 



r + 1 
t 



r + 1 



+ q 



t-r+1 
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To prove (22), we proceed by induction on r. If r = 0, the result is trivial. 
Assume now that (22) holds for all smaller values of r and all n. Then, 



[r + 1],! [r + l]q! 



r-1 



1) As + l,r 



s=0 

r-1 



s=0 + -LJ 

using the inductive relation 



Comparing coefficients of {xqY"^ [s+ij" ! ' ^^^^ prove (22) it is enough to 

show that 

q(r-s)is+l)^^ ^ ^ ^ir-s-lKs+l)+2s+2^^ _ ^ qir-s)s^^ ^ ^^^^ 

This identity is easily checked. 

This completes the proof of 4.6 for n > 0. The statement for n < follows from 
this by applying ^Q. □ 



5. The Basic Lemma 

In this section, we prove the following result which is central to the whole paper. 
We work in Uq{sl2). 

If a; e Uq{sl2)i let : Uq{sl2) — > Uq{sl2) be left multiplication by x. Define 

D„ = Lp^D+ + Lp^_^D+ + ■■■ + Lp^D+. 
Lemma 5.1. Let r, s e N. The following identity holds in Uq{sl2): 

min(r,s) 

(4)W(a;r)(^^= E E {-iyq-'^''^'-'^D-{e'-'^)k'B^{e^-% 

t=0 7n-\-n=t 
m,n>0 

Remarks 1. By applying O and/or powers of T to both sides, analogous identities 
can be obtained for ix^)^'^\x~)^^^ whenever m + n = ±1. (The case m + n = 
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2. Lemma 5.1 is the quantum analogue of Lemma 7.5 in [9]. The classical result 
is much easier, however, because there the commute among themselves, as do 
the x~. In addition, one has the relation 



classically, whereas in the quantum case this equation does not even make sense. 

Before proving 5.1, we note the following important corollary. 
Corollary 5.2. For all n eN, 

Dti^^"-^) e C/f ^(5^2) for all r e N; 

{ii)n Pn e C/-^(s/2). 

Of course, it follows from part (ii), 1.3 and 3.1 that Pn G Uq^^{sl2) for all n < 0. 

Proof. We prove both statements simultaneously by induction on n, according to 
the following scheme: 

/•\n . /••\n ^ /.xn+l 

(l) =^ (u) =^ (i) , 

where (i)"^ is the statement that (i)^ holds for all m <n, and similarly for (ii)". 
Assume that (i)" holds. Applying 5.1, we see that 

(4)(")(a;r)^"^ = (-l)>-"'/c"Pn + y, 

where y is a sum of terms already known to belong to U^^{sl2) by the induction 
hypothesis (i)"^ and (ii)" ^ . 

Now assume that (ii)" holds. Applying 5.1 again, we get 

(4)^"+"^(^r)^"^ - (-l)"g-"("+^)A;"L>+(e(")) +2, 

where 2; is a sum of terms which are already known to belong to Uq^^{sl2) by the 
induction hypothesis (i)" and (ii)". Hence, D+{^^''^) e U'^^^ish) for all r e N. The 
result for follows, since 

L»- = -To$oD+, 
and T and $ preserve Uq^'^i^sh)- □ 

Lemma 5.1 is a consequence of the next lemma. 
Lemma 5.3. Let n, r e N. The following identity holds in Uq{sl2): 

n+1 

»n(e^'^)^r = -q-''-'[n+l],mn+li^^'-'^) + J2 r-'H.^m^n-m+l(e^'"^)- 
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We complete the proof of 5.1, assuming 5.3. We proceed by induction on s, the 
case s = being trivial. By the induction hypothesis and 5.3, we have 



min(r,s) 

t=0 m+n=t 



min(r,s) 



t=0 m-\-n=t 
m.,n>0 



n+l ^ 

+ E^'"'w.^r»n-^+i(e^'^-*M. 



Looking at the expression which left- multiplies D„(^^^ we see that we are re- 
duced to proving that 



n 



t—n 

—t)—t—v—n^ 

' t-v-n+1^ 

v=0 



+ J2 D-i^^'-*^)[t -v-n + 



or, on simplifying, that 



t—n 

[s-n+ i],i^r-n(e^^+'-*^) = - ^ - n + i],i^-(e^^-*^)^r-.-n+i- 



v=0 



After suitably re-labelling the indices, one sees that this is equivalent to the identity 
in 4.1(b). 

To complete the proof of 5.1, we are thus reduced to giving the 
Proof of 5.3. We proceed by induction on r. When r = 0, the identity becomes 



n+l 



m=l 



This follows from 2.4 (take r = 1 in 3.4 and apply $ to both sides, noting that 
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Assuming the result for r, we have 



I L 

m=0 



m,i>0 



m + l<n ; = 

r7i,!>0 

m,i>0 

n 

+ E^r {-g-"-^+^[n - / + l],/cD„-,+i(e('^-')) 

1=0 

n-/+l 

(23) + E ?'"'w.^;ron-/-.+i(^^^^) , 



s=l 



on using 3.3 and the induction hypothesis. The first term on the right-hand side of 
(23) is equal to 



n— 2 n— 1 



q^Y.4+2^n-l-2{e'^^)x^ - iq' + 1) E^il®n-/-l(e^'^^)^r 
1=0 1=0 

n-2 ( n-l-1 

= E \ -q-^+'+^-'-in - 1 - i],mr,-i_,{e-'^) + E r-'H.^;;E'n-/-m-i(e^^)) 

1=0 I m=l 

n — 1 f n — l 

- {q' + 1) E 4+1 -g-"+'+'-^[n - lUkBr^-ii^-'^) + E Q-'-'H^x-Bn-i-^ie^) 

1=0 I m=l 

on using the induction hypothesis again. 

We now distinguish two types of term on the right-hand side of (23): 

(a) The term involving x^kI])n-m+i{C^^~^^) ■, which is left-multiplied by 

-?-"-^+"^-2[n-m+l]5-?-"-^+"^[n-m+l]q+?-'^+"*-^-2(^2 + l)[n-m+l]^ = 0, 

except that if m = only the first term appears, and if m = 1 only the first and 
last terms appear. Hence, the contribution of this type of term is 

q-^-'^+'inUkx+Bni^-'^) - q-'^-'-^in + Ij.kx+Bn+ii^^'"'^). 

(b) The term involving x^xY^n-m-l+ii^^^^), which is left-multiplied by 

except if m = or 1, so the net contribution of this type of term is 

„+„— TTft rt(r)\ „/+lr;i im rt(r)\ 
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Hence, 

n+l n 

1=1 1=1 

On the other hand, we are trying to show that 

n+l 
m=l 

= -5—- i[n+ l],[r + l],A;D,+i(^W) 

n+l ^' n— m+1 



m=l I, 1=0 



r) > 



i + s<Ti — m+l 
i,s>0 



by repeating the argument leading to equation (23), which is equal to 



i>0,m>l 



!>0,771>1 



As above, one sees that the term x^x^ , with Z > 0, m > 1 and I + m < n + l, 
survives in the sum of the last two terms only if i = or 1, giving 

[r + l],D„(^(-+i))xr 

n+l 
m=l 

n 

m=l 

So we must prove that 

q-''-''+'[n],kx+BniC^'-'^) - q-^-'-^[n+l],kx+Bn+ii^^'^~'^) 
+ q-n-r-i^r + 1] + l],kBr,+ii^(^^) 



+ Y r-'M.^^»n-m+l(^(^)) 

^-^ q — q 

m=l 

n I + 
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The sum of the last two terms is equal to 

m—O ^ ^ l+m.<n ^ ^ 

l,m>0 

= E E 

s=Om=0^ ^ 
n 

by 3.1. So we are reduced to proving that 

(24) + g-i[r + l],[n + l],A:D,+i(e('^)) 



s=0 



Now, 



n+l 



n+l m 



m=0 «=0 



by 3.4, which is equal to 

n+l n— m+1 



m=0 t=0 

Similarly, 



m=0 t=0 

n+l n—m 

= E E ^l^+i].4+i©;l-t-m(e^^-^)). 



m=0 t=0 



Inserting these results in (24), and equating coefficients of kPm on both sides, we 
see that it suffices to prove that 

n—m 

q[n], Y 9n^ + l].4+i^^t-r.(e^'-'^) + ?-Mr + l].[n+l],i^+_^+i(e^^)) 

n— m+1 

t=o 

n+r— mr™l ?->+ rt(r)\ 
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The sum of the first and third terms is equal to 

n—m+l n—m+1 

t=0 t=0 

n— m+1 

t=o 

n—m+l 

Thus, we are reduced to proving that 

{q-'[r + lUn + 1], - g"+™H, - q-'[n + l],[r],)i^+_+i(^M) 

n—m+l 

i.e. that 

n—m+l 

This is the statement of 4.1(a) (with n replaced by n — m + 1). □ 



6. A Triangular Decomposition 

The following result is central to the construction of highest weight representations 
of U^q^^{Q) in Sections 7 and 8. 

Proposition 6.1. We have 

ur{Q) ^ t/r(0)"-^r(0)°-^r(0)^- 

Proof. Let denote the right-hand side of the equation in 6.1. Following the 
strategy in [13], Section 5, define the degree of the generators of Uq^^{Q) as follows: 



deg((a;fjW)=r, deg(A;±i) = deg 



ki;r 
n 



= 0, deg 



hi_ 



= \n\. 



Further, call a monomial a finite product of the form 



(product of {x^ ^)^'^^ s) X (product of k^^'s, 



ki;r 
n 



s, and IhiH. 5) x (product of {xf^Y'^^ s). 



and define its degree to be the sum of the degrees of the factors. Finally, any 

— i- ttA ;„ „ /nr„ „— 11 1; j-; — ™ ™;„i„ j — , j ;„ 
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said to have degree d. It follows from Proposition 6.1 in [1] that the degree is well 
defined. Note that, by (9), deg(Pi,n) = Finally, for n e N, let t/^ be the 
subspace of If^ consisting of the elements of degree < n. Proceeding by an evident 
induction on the degree, and using the analogue of 6.1 for ^/^'^^^(g) (see Section 1), 
it suffices to prove the following, for all r, s E N, m,n E Z, i,j e /: 



(a) 
(b) 



^j," (rr+ \{r) 



(r) 



^r+|n|-l' 

^ ^r+|n|-l' 



where [a, h] denotes ah — ha. 

We consider only the case n > 0; the case n < is similar. By applying T[", it 



suffices to prove (a) when m = 0. Note also that (b) follows from (a) by a 
O. To prove (a) and (b), it therefore suffices to prove that i^^, {x~^q)^^^ 

\_y \qj ' 

for all i, j E I, n,r > 0. Now, 



^plying 



Our assertion follows, since it is clear that ^^-^^ '^^ G Cfq-, q -"^j, and by 4.6 we have 

To prove (c), we can of course assume that i = j, so we might as well work in 
the case q — sl2 and drop the subscripts i, j as usual. We first show that 



(25) 



{x^Y'''^D-{^^'^) e for aU r, s e N. 



We proceed by induction on n, the statement being obvious when n — 0. Assuming 
the result for n, we consider 



(26) (a;+)('")(a;+)("+i)(a;]-)(^+«+i) = 



n + r + 1 
r 



+ \(n+r+l) ^ (n+s+1) 



By 5.1 and 5.2, the right-hand side of (26) is in U^, and by 5.1 the left-hand side 
equals 

where w belongs to by the induction hypothesis and part (a). So (xqY'^'' D~_^_-^ (C^*^) 
e If^, and (25) is proved for n + 1. 

We now prove (c) by induction on s. As above, it suffices to prove that 



(27) 



[{x 



We need only consider the case m + n > 0. For, the case m + n < is similar, and 
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that case is contained in (2). If s = 1, then by applying T"*, we are reduced to 
proving that (a;J)(^)a;- e for all r,n > 0. This follows by taking s = 1 in (25). 
Assume then that s > 2 and that (27) holds for smaller values of s. By 4.5, 

where 2; is a linear combination of products 

where 77-1,77-2, .. . and si, S2) • • • are positive integers such that si, S2, . . . < s and 
niSi + 712S2 + • • • = ns. Hence, 

[{^t^)^''^ , (^n)^^^] = ([(X+)W , _i),(e(^))] - [(x+)(^) , 2].) 

The first term on the right-hand side belongs to by (25), and the second term 
belongs to by the induction hypothesis. 
This completes the proof of 6.1. □ 

Remark The arguments above actually prove the following statement: if r, s G N, 
m,n & Z, m + n > 0, then {x+)^''\x-)^^^ is a linear combination of products 
X-X°X+, where X± E U'^^'^sh)'^ and X° lies in the subalgebra of U'g''%sl2)° 



generated by k^^, the "'^ for ellu eZ,v e N, and the Pn for AT > 0. Analogous 



k-,u 



V 



statements in Ug^^{g) can be obtained by applying cpi 



7. Representation Theory of U, 



res 
e 



We first recall some facts about the representation theory of U^^^{g) (see [5] and 
[15]). 

A representation V of UI^^{q) is said to be of type I if, for all i E I, ki acts 
semisimply on V with eigenvalues in ef (ej = e^*). Any finite-dimensional irre- 
ducible representation of UI^^{q) can be obtained from a type I representation by 
tensoring with a one-dimensional representation on which the ef act as zero and 
the ki act as ±1. 

If A e P, the weight space Vx of a representation V of UI^^{q) is defined by 



V\ = <v eV \ ki.v = e^'v, 



.V = 77. V 



where 77^ = A(Q!i), n — + £n^, < < £. We have 

(28) {etY'^.Vx C Vx±ra„ dim(K,(;,)) = dim(FA), 

for alii E I, r eN, w E W. 

A vector v in a type I representation V of U^^'^ (g) is said to be a highest weight 
vector if there exists X E P such that 
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If, in addition, V = UI^'^{q).v, then V is said to be a highest weight representation 
with highest weight A. 

For any A G P, there exists, up to isomorphism, a unique irreducible represen- 
tation V{X) of Ul^^{g) with highest weight A. We have 

V{X) = ^V{X),. 

At<A 

Every finite-dimensional irreducible type I representation of ?7J®®(g) is isomorphic 
to V^(A) for some (unique) A G P"*". 

The following result of Lusztig [15] gives the structure of V^(A) for arbitrary 
A G P+. 

Theorem 7.1. Let X e P+ . 

(a) If X{ai) < i for all i E I, then V{X) is irreducible as a representation ofUf^{g). 
(h) If X is divisible by I, say X = £X^ , then V{X) is isomorphic to the pull back of 
V{X^) by Fr^ : UI^^{q) U{q). In particular, the weight space V{X)n ^ only if 
A — G IQ^ and (hence) the act as zero on V{X) for all i E I. 
(c) In general, write A = A° + £X^, where < A°(Q:j) < £ for all i & I. Then, as 
representations ofUl^^{g), 

V{X) ^ ViX^)^V{£X^). 

We now give the analogous definitions for Ul^^{g). Let U^^^{g)'^ be the subalge- 
bras of U^''^{q) generated by (a;^^)'^'') for aU i G /, n G Z, r G N, and let U^''^{q)^ be 



the subalgebra generated by the k. 



±1 

i 1 



and Pi n for alH G /, n G Z. 



Definition 7.2. A representation V of [/^'^^{q) is said to be of type I if V is of 
type I as a representation o/?7J®®(g) and if c^^^ acts as 1 on V. 

If V is a type I representation ofU^^^(g), a vector v E V is said to be a highest 
weight vector if there exists a homomorphism of algebras A : C such 

that 

{xf^^)^''\v = for alii e I,n e Z,r e N, and x.v = A{x)v for all x G ?7J®®(0)°. 

//, in addition, V = UI'^^{q).v, then V is said to be a highest weight representation 
with highest weight A. 

Remarks 1. Since a t/J^^(5)-highest weight vector f G ^ is, in particular, a UI'^^{q)- 
highest weight vector, there exists A G P"*" such that 



Aiki) = e: 



h;0 

£ 



where n = X{ai), ni = + £n}, <n^ < £. The highest weight A is determined 
by the Ui and the complex numbers {A{Pi^r)}iei,rez (with A(Pi^o) = !)• 
2. By the relations in 1.2 (and the fact that c^/^ acts as 1 on V), we have 

(29) i^J'^^-V, ^ V,+ra,, Ur{Q)'.V, = V, 

for all II e P. 
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Proposition 7.3. For any algebra homomorphism A : [/^'^^(g)'^ C, there exists 
an irreducible representation V{A) of UI^^{q) with highest weight A. Moreover, 
V{A) is unique up to isomorphism. 

Proof. Let M(A) be the quotient of U^^^{g) by the left ideal generated by the xf^^. 
for all r e Z, together with the elements a; — A(a;)l for all x e UI^^{q)^. It is obvious 
that M(A) is a highest weight representation of U^'^^{g), with highest weight vector 
niA (say) which is the image of 1 in M(A). By 6.1, niA is, up to scalar multiples, the 
unique vector of maximal weight for UI^'^{q). It now follows by the usual arguments 
that M(A) has a unique irreducible quotient representation V{A), and that V{A) 
is, up to isomorphism, the unique irreducible representation of UI^^{q) with highest 
weight A. □ 

The following multiplicative property of highest weights of representations of 
Ul^^{g) will be of crucial importance later. 

Proposition 7.4. Let V' , V" be type I representations ofUl^^{Q) and let v' e V, 
v" e V" be highest weight vectors. Then, v'<S>v" is a highest weight vector in V'<^V" 
and 

(30) Vf{u).{v'^v") = Vt{u).v' ® Vt{u).v". 

For the proof, we shall need the following lemma. Recall the algebra homomor- 
phisms : Uq{sl2) — > Uq{g) {i e /) and define Aj to be the composite homomor- 
phism 

Uqish) A Uqish) ® Uqish) UqiQ) ® US), 

where the first map is the comultiplication of Uq{sl2). Since (pi{Uq^^{sl2)) C U^^^{q) 
and since Uq^^{g) is a C[q, q'~-'^]-Hopf subalgebra of Uq{g), it follows that 

Let be the C[g, 5-^]-span of {{x+^)^'^ \ j e I,m e Z, s e N}. 
Lemma 7.5. For alii e I, r e N, 

A((a:-i)W) - A,{{x^)(^^) e Ul^^g)X(+'> ® U^^^%g) + U^^^%g) ® U^q''%g)X^+\ 

Assuming this lemma for the moment, we give the 
Proof of 7.4. By 5.1, if r > and v = v', v" or v'<S>v", 

{xt,o)^'\x-,)^^\v = er\lP,,r.v. 
Now, using 1.1 and the isomorphism in 1.2, one finds that 

Aj(a;o ) = x'lo^ki + l®xj^Q, Aj(a;]^) = x^-^®! + ki^x^^-^. 
From this, one easily deduces (by induction on r) that 

8=0 
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From 7.5, and the obvious fact that U^^''%q)X'^+') (g)U'^''%Q) + U'^^'^g) (g)U^^''%g)X^+\ 
speciahsed to q = e, annihilates v' (g) v", it follows that 

{-iyer'klP,,r.{v'^v") = A{{x+o)^^\xr,)^^^).{v'^v") 

s,t=0 

Now, by (29), 

Kto)^'^"'^K"i)^'^"*^-^" = if r-s>r-t. 

So, by 5.1 again, 

r 

Hence, 

r 

This proves relation (30) for . The proof for V~ is similar. 

The fact that v'®v" is a highest weight vector now follows from (29). □ 

Proof of 7. 5. In [8] , we showed that 

(31) A(xri) - A,(xj:) e U,{Q)Xt ® U,{q) + ® f/.(0)^+, 

where is the C(g)-span of {x'^m I ^ ^ ^ 0- We claim that this 

implies that 

(32) ^{xl^y - A,{x^y e C/,(0)X+ ® C/,(5) + C/,(0) ® C/,(0)X+ 

for all r > 1. The proof is by induction on r. For the inductive step, we have 

A(x-,)^+i = A(x-,)^A(a;-,) 

e {/^i{x^Y + C/g(0)X+ t/,(0) + UM ® UM^t) 

Thus, to prove (32), it is enough to show that 
(f/g(s)X+ ® C/g(0) + C/,(5) ® U^{q)X+) {xr^ + 

r— TT "V^+ TT I' Z\ i TT ^ V + 
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But this is clear, since by the relations in 1.2, 

Now, since U^^^{q) is a C[g, g~^]-Hopf subalgebra of it is clear that 

On the other hand, by 6.1, 

Thus, by (32), to prove the lemma, it is enough to show that 
(33) 

(t^r(s)"^r(0)° ® ui^\Q)-ui'^\Qf)n{uMx^ ® UM + UM ® t/,(0)x+) = o, 

where X+ is the C(q')-span of | j E I,m E Z}. But (33) is a straightforward 

consequence of the Poincare-Birkhoff-Witt basis of Uq{Q) given in [1], Proposition 
6.1. □ 

The following lemma will be needed in Section 8. 

Lemma 7.6. Let i E I and let A : U^'^^{q)'^ ^ C be an algebra homomorphism such 
that V{A) is finite-dimensional. Then, (pi{Ul':^{sl2))-v\ C V{h) is an irreducible 
representation ofUl^^{sl2) isomorphic to V{Ki), where Aj = A o ipi. 

Proof. Let W hea. proper irreducible t/g'^*^(s/2)-subrepresentation of ipiiU^i {s12)).va- 
Let A e P+ be such that A{ki) = e^^^'\ Let w G be any non-zero vector of 
maximal weight for t/J*^^(s/2) (the subalgebra of Ul^^{sl2) generated by k^^, ^'^ 
and the (a;^)^'') for aU r e N. Then, by (29), 

(x+„)('').i(; = for all n e Z, r > 1. 

But since the weight space Wa-t? is zero unless r] E is a multiple of ctj, we also 
have 

{x'^^'^^\w — for all n G Z, r > 1, j ^ i. 

The space of vectors in W annihilated by {xj'^)^'^^ for all n G Z, r > 1, j G / is thus 
non-zero, and since it is clearly preserved by U^^^{q)^, it contains a t/J'^^(0) -highest 
weight vector. Since ^(A) is irreducible as a representation of UI^^{q), this vector 
must be a multiple of va- Hence, v\ E W, giving the desired contradiction. □ 

We now give an explicit construction of some highest weight representations of 

Proposition 7.7. For any non-zero a E C{q), there is an algebra homomorphism 
eva : Wg^'^ish) U'q'^^sh) such that 
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Moreover, we have, for all n e Z, 

(35) eva{x+) = q-''a''k''e+, evaix') = q'^'a^'e- k"" . 

See [4], Proposition 5.1, for the proof. 

It is obvious that, if a e C, eVa{Uq'^^{sl2)) C U^'^^{sl2), and hence that eva 

induces a homomorphism of algebras evo : U^^^{sl2) U^'^^{sl2). Prom (34) we 
deduce that 



(36) 



-nr a''^k''''{e+)^'"\ 



eVa((x+)W) = 6 

eVa((a;-)(^)) = e-"^'a'^'^(e-)('^)/c"^ 



If F is a representation of [/^'^^{sh), we denote by Va the representation of Ul'^^{sl2) 
obtained by pulling back V by eVo- If V is of type I, then so is Va- If F is a 
representation of U{sl2), we define Va similarly. 

Proposition 7.8. Let a & C be non-zero, and let n & N. If v is a highest weight 
vector in V{n), the (n+l) -dimensional irreducible type I representation ofU^^^{sl2), 
then V{n)a is a highest weight representation of t/J®^(sZ2) with highest weight A 
given by 





'k;0' 




"n" 


( 









(37) 



A(/c) = e'^, A 

A{Pr) = i-iya^ 



n 
\r\ 



In particular, P^.v = if \r\ > n. 

Proof. Let ^ v e V{n)a be a C/g*^^(sZ2)-highest weight vector. By (29), 

{x+)^'\v = for all s e N, m e Z. 
To prove the proposition, it therefore suffices to prove that 



P^.v = (-l)W 



n 
\r\ 



V for all r e Z. 



Assume that r > 0. Proceeding as in the proof of 7.4, 

= (e+)W(e-)^").^; (by (36)) 



—r +nr r 



—r +nr r 

— t Cti 



k-O 

r 

n 



.V (by (2)) 



V. 



Hence, 



n~ 



V. 
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Finally, applying to both sides of the identity in 5.1 (working in U^^^{sl2) and 
then specialising), we obtain 

Repeating the argument in the preceding paragraph, one finds that 



V. □ 



Remark From equation (37), it is easy to show that 



A{V^{u)) = 11(1 - e^+i-2^a±^«). 



8. Classification 



We begin the classification of the finite- dimensional irreducible representations of 
(g) with 



jjres 



Proposition 8.1. Every finite- dimensional irreducible type I representation of 
(q) is highest weight. 



jjres 



Proof. Let F be a finite- dimensional irreducible type I representation of UI^^{q). 
Since dim(l/) < oo, there exists a common eigenvector ^ v E V for the action 
of U^^^{q)^, which acts by commuting operators on V. In particular, there exists 
X E P such that v E Vx. It follows that 



since the right-hand side is non-zero and preserved by U^'^^{q). Again since dim(y) < 
oo, there exists a maximal /U G P, say hq, such that ^ 0. The action of ?7J^'^(0)° 
preserves V^^ , so there exists 7^ f ' e V^^ that is a common eigenvector for t/^^^(0)°. 
Then, v' is a ^/^^'^^(g) -highest weight vector. □ 

In view of this result, the following theorem completes the classification of the 
finite-dimensional irreducible type I representations of 'Ul^^{%). 

Theorem 8.2. The irreducible representation V^(A) ofUl^^{Q) is finite- dimensional 
if and only if there exists an I-tuple P = {Pi)i^i e 11-'^ such that 









"deg(P,)" 


( 


e 




e 



(38) 



A(P+(^x)) = ^, AiV-(u)) 



P^{u) 



Qi{u) 
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where Qi{u) = 'u<i^g(-f*)Pi(w-i). 

Remarks 1. We shall often abuse notation by denoting the representation V{A) 
determined by P as in the theorem by V^(P). 

2. It is clear that V(P) = V(P') as representations of U^'^^{q) if and only if P/ 
is a (non-zero) multiple of Pj, for all i e I. 

Proof of 8.2. Assume first that dim(y(A)) < oo. Let be a [/^'''^^(g) -highest 
weight vector in V{K). Since V^(A) is, in particular, a finite-dimensional type I 
representation of there exist e N such that 



I 



ki;0 

e 



where rti = + in}, < < £. Now, there is a C(q') -algebra homomorphism 
Uq^ish) Uq{Q) that takes e+ to x'f_i, e~ to x~i, and k to cki (this is easily 
checked using 1.2). This map clearly takes U^q^'^{sl2) to U^'^^^q) and so induces a 
C-algebra homomorphism Ul^^{sl2) — > UI^^{q). By considering ^(A) as a represen- 
tation of Ul^^{sl2) via this homomorphism, we deduce that 



{x^■^)^''\vA^ ^ ifr> 



and that {x~-^)^'^^\v\ is a non-zero multiple of {x~q)'^'^^\vx (for Si{A) = A — niai 
and by (28) the dimensions of the weight spaces for the action of U^f^{sl2) are 
preserved by the action of the Weyl group). This implies that 



By 5.1, it follows that 



= if r > n 
7^ if r = TT-j. 



Pi,r-VA 



= if r > Ui 
7^ if r = nj. 



and hence that 



V^{u).VA = Pi{u)vA 

for some polynomial Pi e C[u] of degree n^. 
It remains to prove that 

(39) A(V-(u)) = |M. 

We show first that A(V~ (u)) is uniquely determined by Pi{u). By repeating ver- 
batim the proof of Theorem 3.4 in [4] (with q replaced by e^), it follows that Pi{u) 
determines A{t(;^^) for all n e Z according to the formula 



Pi{u) 



By 3.1, it suffices to prove that Pi determines A(Pi^_„^) for all n > 0. We can 
assume that n£ < Ui, otherwise A(Pi _„/) = (this follows by an argument similar 
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Consider the vectors {x- ^)^'^^^-Va for m e Z. These vectors are all non-zero, for 
by equation (2) (and an application of T^.), we get 



h;0 



VK^[ M 7^ 0. 



n 



Since dim(F(A)) < oo, there exists a linear relation 

M' 

E «-K^)(^').^A = 0, 

m=M 

for certain scalars a^. We can assume that = — 1- Then, we have 



M' 

(40) Km)^'^'^-^A= E ^rn{x-J^-'\vA. 

m=M+l 



Applying (x^m)^"^^^ both sides of equation (40) for m = -M, -M + 1, . . . , -M' + 1 
and using 5.1 and the remark at the end of Section 6, we get a system of M' — M 
linear equations for the Om with coefficients of the form A(Pj^r) for r > 0. It fol- 
lows that the a„i are given by certain rational functions of the coefficients of Pi. 
Applying {xf_]^_^)^'^^^ to both sides of (40) now shows that A(Pj^_„^) is given by 
a rational function of the coefficients of Pi. 

By 7.5, it suffices to prove (39) when q = SI2. Dropping the subscript i and 
recalling that K{V~{u)) is uniquely determined by P{u), it suffices to verify it in 
any one irreducible representation ^(A) with A{V'^{u)) = P{u). Further, since 
both sides of (39) are multiplicative on tensor products by 7.4, we can assume that 
deg(P) = 1. If P = 1 - ait, where a e C^, then by 7.8 we can take V{h) = V{l)a 
and we have 

A{V~iu)) = 1-a-^u. 
Since Q{u) — uP{u~^) — u — a, we get 



Q(0) 



as required. 

Turning now to the converse, we must show that, if P = {Pi)i^i E H^, and if 
A is determined by P as in the statement of 8.2, the representation V^(A) is finite- 
dimensional. By 2.1, there exists a finite-dimensional representation Vg(A) of Uq{Q) 
over C(q), with highest weight vector va, such that va has weight X^^^/ deg(Pi)Ai 
for Uq{Q) and 

Further, since each Pi has coefficients in C, it follows that 

Ul^%Qf.VA^C[q,q-']vA. 

By 6.1, 

Ti/ / A ^ _ rrres/-\- „. 
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is preserved by the action of U^'^^{g): in fact, Wq{A) — U^'^^{q).v\. We shall prove 
that Wq{A) is a Cf^f, q'~-'^]-lattice in V'q(A), i.e. that the natural map 

is a C(g)-vector space isomorphism. 

For this, we note that Wq{A) is the direct sum of its weight spaces for Uq^^{g): 

^,(A) = 0^,(A)m- 

Choose a basis of Wg(A)^ as a C[q, Q~^]-module for each fJ, E P, and let B be the 
union of these bases. It is clear that B is linearly independent over C{q) (take a 
linear relation and clear denominators), and clear too that it spans V^(A) over C{q) 
(because L^^^^(g) spans Uq{Q) over C(g)). This proves our assertion. 
Finally, define 

W{A) = WqiA) 0c[,,,-^] C, 

via the homomorphism C[q,q~^] — > C that takes q to e, and denote by wa the 
image of va e Wq{A) in W{A). Obviously, W{A) = t/f ^(0).wa and W{A) is finite- 
dimensional (though not necessarily irreducible). Let M be a maximal proper 
C/^J'^^(g)-subrepresentation of VF(A), and set V = W{A)/M. Clearly, wa has weight 
"^i^i deg{Pi)Xi for U^^^{g), so the first two equations in the statement of 8.2 hold, 
and the third holds because it holds in Vq{A). The last equation is proved by 
the argument used earlier in the proof. Hence, V = V{A), and so V{A) is finite- 
dimensional. □ 

The following result is an immediate consequence of 7.4. 

Proposition 8.3. Let P,P' e 11^ , and assume that V(P) (8) V{P') is irreducible 
as a representation o/t/J®^(g). Then, 

V(P) (8) V(P') ^ V{P ® P'). 

Corollary 8.4. Let V, V be finite- dimensional irreducible type I representations 
of UI^^{q), and assume that V ® V is irreducible. Then, V <Si V = V <Si V as 
representations ofU^^^{Q). 

Proof. This follows from 8.1, 8.2 and 8.3. □ 



9. A Factorization Theorem 

In this section, we prove an analogue for Ul^^{g) of the factorization theorem 7.1 
for finite-dimensional irreducible representations of U^^^{q). 
If P e n, let 

P = P^P^ 

be a factorisation such that 

(i) P^{u) is not divisible by 1 — au^ for any non-zero a £ C; 
(n) P^{u) = R{u^) for some ReU. 

Such a factorisation obviously exists and is unique up to constant multiples. If 
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Theorem 9.1. For any P = {Pi)iei ^ H^, we have 

as representations ofU^^^{g). 

To prove this theorem, we shall need the following results describing the structure 
of the factors F(P°) and V(P^). Let Uf^'io) be the subalgebra of C/f (§) generated 
by C^J'^'lfl)" and the x^^ for all i el, re Z. 

Theorem 9.2. Let P = (Pj)jg7 e 11''^ be such that each Pi is not divisible by 1 — 
for any non-zero a e C Then, V(P) is irreducible as a representation ofUf"^{g). 

Theorem 9.3. Let P = {Pi)iei e n^, where Pi{u) = Ri{u^) for some R = 
{Ri)i^ieTl^. Then, _ 

nP)-Fr:(F(R)), 

the pull-back of the irreducible representation 1^(R) of Q by the Frobenius homo- 
morphism Fr^ : UI^^{q) U{q). 

Remark The representations ^(R) were all described explicitly in 2.5, so 9.1 and 
9.3 reduce the study of V(P) for all P e to the case P = P° to which 9.2 
applies. For the latter case, we have an explicit desrciption of 1^(P) only when 
= 5/2- This is given below (see 9.6). 

Proof of 9.2. We first prove the theorem when q = SI2. For this, we need 

Proposition 9.4. Let r e N, let mi , . . . , rrir be positive integers < £, letai, . . . ,ar e 
C be non-zero, and let 

V = V{mi)a, 0---®V{mr)a^. 

Then, V is irreducible as a representation of Ul^^{sl2) if and only if, for all 1 < 
s^t<r, 

(41) — ^Mms+mt-2p) allO<p< min(m„ nit). 

Moreover, in this case, V is irreducible as a representation of Uf^{sl2). 

Proof. We proceed by induction on r, beginning with the case r = 2 for which we 
change notation and consider V{m)a (8) V{n)i,. Assume that m < n (by 8.4, this 
is without loss of generality) . The proof here is essentially the same as that in [4] , 
Section 4.8. The crucial point is that, if m < the structure of V{m) at an 
root of unity is the 'same' as its structure for generic q. Namely, V{ni) has a basis 
{vo, vi, . . . ,Vm} and action of Ul'^^{sl2) given by 

k.Vr = e'^~'^'^Vr, e'^ .Vr = [m — r -\- l]^Vr-l, e~ .Vr = [r -\- l]eVr+l, 

with (e^)'^^'' acting as zero (and Vm+i = V-i = 0). As in [4], one checks that the 
only t/J'®®(sZ2)-highest weight vectors in V{m) (g) V{n) are (scalar multiples of) the 
vectors 

p 

Wp = J](-l)'"e'-("-^+i)[m -p + r]J[n - r^lvp^r Vr, 
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for < p < m, and that, if p > 0, Wp is an eigenvector for Ul^^{sl2)^ ^iiid is 
annihilated by for all r & Z if and only if 

^ _ ^m+n-2p+2 

a 

Note that {x^)^^\wp = for all r G Z, since this vector has weight 'm + n — 2p + 2£, 
which is > m + n. It follows that, if (42) holds for some < p < m, then Wp 
generates a proper t/J^^(s/2)-subrepresentation of V{m)a ® V{n)ij. The duality 
argument used in [4] then shows that, if 

^ _ g-(m+n-2p+2) 

a 

for some < p < m, then V{m)a<S>V{n)b contains a proper t/J'®®(sZ2)-subrepresentation 
containing Vq ® vq. 

Conversely, if neither (42) nor (43) holds for any < p < m, the above argument 
shows that V{m)a ® V{n)b is irreducible even under the subalgebra Uf^{sl2) of 
C/J®^(sZ2), for neither it nor its dual representation contains a non-zero eigenvector 
of U^^^{sl2)^ that is annihilated by for all r E 'Z. 

The proof for r > 2 given in [4], Section 4.8, can now be repeated verbatim (with 
q replaced by e) to show that V is irreducible under U^'^{sl2) if condition (41) holds. 
The converse follows from 8.4 and the r = 2 case. □ 

To see that the 5/2 case of 9.2 follows from 9.4, define an e-segment of length m, 
where < m < £, to be a set of the form 

Sm{a) = {ae^-\ae^-\ . . . , ae-^+^j, 

for some non-zero a e C. Say that two e-segments are in special position if their 
union is an e-segment longer than both the given segments, and in general position 
otherwise. It is easy to sec that two e-segments SmS'^'s) ^^iid Sjn^{at) are in general 
position if and only if (41) holds. Moreover, as in [4], Proposition 4.7, one shows 
that, if P e n satisfies the conditions in 9.2, the set of roots of P, regarded as a 
set with multiplicities, can be written uniquely as a union of e-segments in general 
position. It follows that P can be factorized uniquely as 

r ms 

for some r, mi, . . . , rur G N and non-zero ai, . . . , G C. Hence, by 7.6 (and the 
remark which follows its proof), 8.3 and 9.4, 

V{P) ^ V{mi)a, ®---® V{mr)a^. 

By 9.4 again, V{P) is irreducible under Uf^{sl2)- 

Returning now to the case of arbitrary g, we prove Theorem 9.2 in two steps: 
Step I: If P is as in the statement of 9.2, then V{P) = U^^{q).vp, where vp is a 



(42) 



(43) 
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For this, regard V{P) as a representation of and let 

^(P) = ^(P)a-. 

be its weight decomposition, where A — Yliiei ^^z{Pi)\ ^ is the ^/^''^^(g) -weight 
of v-p. Note that 1^(P)a = Cvp. We show, by induction on r/, that 

(44) V-(P)a-„ C C/f(0).^p. 
We claim that this follows from the identities 

n 

(45) (-l)"^^^""'^"^"^^"'^(^^>)^"-"^^^,>(^."r)^"^ = 

m=0 

in UI'^^{q), where n > 1 — a^-, r, s e Z, and i ^ j. 

Indeed, (44) is obvious when r] = 0. Assuming that (44) is proved for all r] < 
Vj e (5+, we prove it for Vj . By 6.1, 

V(P)a-,' = ^xr,.V(P),_,.+«, + ^(a;r,)(^).V(P),_,.+,«,. 

i,r i,r 

Hence, it suffices to prove that 

for alH e /, r e Z. There is nothing to prove unless rj' > £ai, and if r]' > £ai we 
have 

by the induction hypothesis again. But then, by (45), 

i^7,rf^-V{P)x-V'+ea, = J2i^i^rf^xT^.V{P)x-rj'+ea,+a, Q a;r,.y(P)A-^'+a,+a^-,.^(P)A-r,'+, 

and this is contained in f/f"(s) by the induction hypothesis once again. 
We are thus reduced to proving that 

{x-J'lvp e C/f(0).^P 

for all i, r. But this is clear, since by 7.6 and the s/2 case of 9.2 already proved, we 
have 

{x-^f\vj> e v,{Uf:^{sh)).vj> C C/f(0).^p. 

To complete Step I, we must therefore prove the identities (45). We work in 
Uq^^{g) and then specialise. 

We proceed by induction on n. If n = 1 — Oy, (45) is a special case of one 
of the defining relations in 1.2. Assuming that (45) holds for n, we multiply 
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obtained by multiplying both sides of (45) on the right by x^^. The coefficient of 

on the left-hand side of the resulting identity is 

(_1)- -m+l]g, + ^-2n-a,,-(m-l)(n-l+a,,)^^j^^| ^ (_l)m^-m(n+a,,) ^^^^^^ 

After cancelling the factor [n + 1]^^, we thus have the identity (45) for n + 1. 
This completes Step I. 

Step II: Let P he as in the statement of 9.2, and letvEV{V) he annihilated hy xf^ 
for all i & I, r & Z. Then, v is a multiple of vp . 

Note that we have already proved this when q = (in the course of proving 9.2 
itself when q = 5/2)- Prom now on let g be arbitrary and suppose for a contradiction 
that V e V(P) is annihilated by xf^ for alH G /, r G Z and is not a multiple of vp. 

We can assume that is a weight vector for U^^^{q) and that, among vectors with 
these properties, v has maximal weight for U^^^{q). By the analogue of (45) with 
x'^ replacing x^ (and with n = £), we have 

for all i,j E I, r, s & The maximal property of v implies that, for each i E I, 
r G Z, {xf^)^^\v is a multiple of vp (possibly zero). We cannot have {x^^)^^\v = 
for all z G /, r G Z, otherwise v would be a multiple of vp by the irreducibility 
of V{P). Hence, there is a unique index i E I, say io, such that {x'l^)'^^\v is a 
non-zero multiple of vp. It follows that v has weight A — ^a^,, for ?7J^*^(g), where 
A = deg(Pj)Ai. By 6.1, v belongs to (fii^{Ul'r'^{sl2))-Vp., which is isomorphic 

as a representation of Ul^^^{sl2) to V{Pi^^) by 7.6. By the sZ2-case of Step II, u is a 
multiple of vp. This contradiction completes Step II. 

We can now complete the proof of 9.2. If ^(P) is reducible under Uf"^{Q), it 
has an irreducible t/^f '^(0)-subrepresentation W ^ say. Any non-zero vector v E W 
of maximal weight for UI^^{q) is obviously annihilated by x'l^ for alH G /, r G Z. 
By Step II, u is a multiple of vp. This contradicts Step I. □ 

We turn now to the proof of 9.3. We shall need the following lemma. 

Lemma 9.5. Let i e I, r e Z, n eN. Then, 

Pj.^((^±^)(n)) ^ ^ (v^)! divides n 

otherwise. 



Proof. It suffices to prove that the following diagram commutes for all i G /: 

(46) Ti 
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Indeed, if and Tj are replaced by an automorphism t & T, the corresponding 
diagram obviously commutes. It follows that, if (46) commutes, then 

Pre o T^^ = T^^ o Fr, 

for all i E I. This clearly implies the lemma, in view of the isomorphism in 1.2. 

To prove that the diagram (46) commutes, it suffices to prove that the homo- 
morphisms Fr^oTi and TjoFre agree on the generators k^^ and (e^)*^") of U^^^{q), 
for all j & I, n > 1. This is easy for k^^ . For (e^)*^"'), we have (see Section 1) 



(47) Ti((e+)('^)) = ^ (_i)™..er(e+)^-""--'^ne+)^"ne+)^'^^ 

r=0 



if i ^ j (the proof when i = j is similar but easier). Applying lYe to the r*^ term 
in the sum gives zero unless n and r are both divisible by £, say r = £r^, n = £n^. 
Hence, Fre(Tj(e+)(")) = unless n is divisible by £, and 



r^=0 



= E (-1) 



ri=o ^ ' 

since £ is odd and = 1. By the classical analogue of (47), this last sum is equal 
to 



The proof for (e")^"') is similar. □ 
We can now give the 

Proof of 9.3. We note first that it suffices to prove the theorem when q ~ SI2. 
Indeed, this follows from 7.6 and its classical analogue, and the fact that 

Fr,(^,(C/J-(s\)))=^,(C7(s\)), 

which follows from 9.5. 

We take q = sh in the remainder of the proof. By 2.5, if e 11 has factorisation 

R{u) = \[{l-atuY\ 

t 

where the at are distinct and the are > 1, we have 

F(i?)-(9)F(n)a,. 
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Since FTg is a homomorphism of Hopf algebras, the pull-back 

(48) Frl(V{R))^(g)FTl{V{n)a,). 

t 

We claim next that the diagram 

(49) evf, 

Urid) > U{g) 

Pre 

commutes. To prove this, it suffices to check that evf,^ o Fr^ and Fr^ o ev;, agree on 
the generators (e^)*^^) and fcj of U^^^{q), for all r e N, i = 0, 1. This is clear except 
for (e J )('•). We have 

r ev,,((e±)-/0 ^ divides r 
eVfc.(Fre((ef )('^))) = <^ ^ ^ divides r 

I otherwise 



otherwise, 



^^'"^rK if ^ divides r 

{r/iy. 



whereas 



Fre(ev6((e±)W)) = Pr,(6±^6±-(eT) «) 



^^'^^^'^T^ff if £ divides r, 
otherwise. 

Since e^^ = 1 if £ divides r, the commutativity of the diagram is proved. 

It follows from (48), the commutativity of the diagram (49), and 7.1(b) that 



Fr,{V{R))^^V{en)^^ 



i/e, 



where a]^^ is any i^^ root of at (the argument shows that the isomorphism class 
of V{irt) i/e is independent of which root is chosen). By 7.8, the polynomial 

associated to V{£rt)^i/e is 

irt £ 

Y[{1- /'*+'-^'ay'u) = 11(1- e'-^'ay'ur = (1 - atu'r. 

S=l 8=1 

By 7.4, Fr* (F(i?)) ^ V{P), where P{u) = R{u^). □ 
Proof of 9.1. We show first that, for alH G /, n e Z, 
(a) xf^^ acts on V{P'^)®V{P^) as xj^ ® 1; 

ru\ ('™± t/('tdO\^t/('-d1\ — /-^i \('^) ± \m 
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For this, we recall the information about the comultiplication A of Uq{Q) contained 
in [1], Proposition 5.3. 
For i e I, r e N, define 

and 

oo oo 
r=0 r=0 

(We have taken into account the fact that our comultiplication in Uq{Q) is opposite 
to that used in [1].) Note that, since each term in the above sums belongs to 
^q^^(s)) can be specialised. If w e W, choose a reduced decomposition 

W — TSj^ . . . Sj^ , 

and set 

(50) R^ = T^'m.T,, . ..T,,_,r\R,,) . . .7;f (i?,Ji?,J, 

(51) K = (T-^T-^. ■ --T-T'iK) • • • iT^-T'iRL.JRL■ 

Then, we have [1], for alH e /, n > 0, 

(52) Aix-J = R'l (x-^ ^ 1 + c"fcri ^ xrji?^^^ , 

(53) Aix-_J = {R:-,X'(^7,-n ® 1 + c-'^K' ® ^7,-n)Kx.^ 

and the formulas for A{xf^^) can be obtained from (52) and (53) by using 

where A°p is the opposite comultiplication of Ul^^{g). 

We claim that R^^i ^Ix ^ identity on F(P°)®F(P^) for aU 
n e Z. This clearly implies (a) and (b). Indeed, using 9.3 and setting £X^ = 
^i^j deg{Pl)Xi, the weight space V{P^)£xi-n is non-zero only if 77 G is divisi- 
ble by £, so (ic^n)*'^'* ^^^^ 

V{P^) unless r is divisible by i. We deduce from 
(52) and (53) that acts on V {P^)®V (P^) as ® 1, and from the analogue 
of (11) for X- that {x~^ ® 1 + ® a;,"„)(^) acts as {x~J^^^ ® 1 + 1 ® {x~J^^\ The 
case of xf^ is similar. 

As for the claim, it is easy to see from (50) that R^x^ is a finite product of 
expressions of the form 

00 

(54) T®^^ V(r,,T,, . . .T,^_J(et)(^) ® (T,,T,, . . . T,^_ J(er^) 
Now, TSjjSjj • • • ■^iM-i (<^»m) is a real root of g, so for any rj e -^Q"*", 
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for some root a & Q. By 9.3, the right-hand side is zero unless r is divisible by I. 
Hence, all the terms in the sum (54) in which r is not divisible by £ are zero. But 
clearly Ai,^ = if r is strictly positive and divisible by £, so only the r = term in 
(54) survives. The argument for R* - is similar. 

With (a) and (b) proved, we can now show that, if wpo e V(P°) and wpi e V(P^) 
are C/^'^^(0)-highest weight vectors, we have 

F(P) = t/f^(0).(i;po®^;pi). 

Since V{V^) is irreducible under Uf^{Q) by 9.3, any w'^ e V{P^) is a linear combi- 
nation of vectors of the form 



^ii, mi ^12, ma • • •^it,mt-'^P° 



with t e N, ii, Z2, . . . ,it & I, mi, m2, . . . , mt e Z. By (a). 



'^ii,mi'^i2,m2 



•^i*,mr(^P° = (a;ii,mi^i2,m2---^n,mr^P°)®^P^' 



hence (8) vpi e t/J®^(0).(vpo (8) vpi). It follows that 

C/f ^(5).(^;po ^;pi) D V(P°) ^;pi. 

On the other hand, by 6.1 and the fact that acts as zero on V^(P^) for all i E I, 
n e Z, any vector e V(P^) is a linear combination of vectors of the form 

(X- V^Ux- (X~ Vt^i 

with M e N, ji, j2, • • • , iu G /, ni, n2, ... ,nu & I'- We prove by induction on u that 

C/r(0)-(^PO ® ^pO 2 ^(P°) ® (^7i,nJ^'n^7.,n2)^'^ • • • (^7„,nJ^'^-^P- 

If w = 0, there is nothing to prove. Assume the result for tt — 1, and let e V(P^). 
By (b), 

-°®(-7,nJ^^^(-72,n2)^^^---(-7..J^^^-P^ 

= (-7,n.)^'U-°®(-7,n2)^'^---(-7„,.J^'^-P0 

- ((^7,nJ^^^--°) ® (^7,n2)^'^ • • • (^7.,nJ^^^-^P- 

By the induction hypothesis, both terms on the right-hand side of this equation 
belong to Ul^^{g).{vpo (8) vpi), hence so does the left-hand side, completing the 
inductive step. 

We have now proved that V^(P) is generated by Vpo vpi as a representation 
of UI'^^{q). If V^(P) is reducible, it contains a proper irreducible subrepresentation 
W, say, and hence, by 8.1, a t/J*'^(g)-highest weight vector v ^ 0. We can write 
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where Vp E y(P°), G ^(P^) and the are hnearly independent. By (a), for all 
neZ, 

p 

so x^.Vp = for all p. Since F(P°) is irreducible as a representation of Uf^{g) by 
9.3, this implies that each v° is a scalar multiple of v-po. (For, the space of vectors 
in V(P°) annihilated by xf^ for alH e /, n e Z is preserved by Ul^^{g)^, hence 
contains a C/g*^®(0)'^-eigenvector.) So 

V — Vpo ® z'^ 

for some e V(P^). By (b), for aU z e /, n e Z, 

= {x+nflv = vpo ^ {xtj'\z\ 

SO {xf^Y^\z^ = 0. Since x^^ acts as zero on V^(P^) for alH G /, n G Z, this forces 
z^ to be a multiple of f pi . But then vpo ® vpi E W. In view of the first part of 
the proof, this contradicts the fact that is a proper subrepresentation. □ 

We conclude by giving an explicit realization of all the finite-dimensional irre- 
ducible type I representations of Ul^^{sl2): 

Theorem 9.6. Every finite- dimensional irreducible type I representation ofUl'^^{sl2) 
is isomorphic to a tensor product 

(55) V{mi)a^ • • • (8) V{mr)ar. ® V{ini)b^ ® • • • ® V{£ns)b, , 

where r, s, < mi, . . . , rn,j. < £, Ui, . . . , G N and ai, . . . ,0^,61,... , 63 G C are 
non-zero. Two such irreducible tensor products, with parameters r, s, mi, . . . ^nir, 
ni,... ,ns,ai,... ,ar,bi,... ,bs and r' , s' ,m[, . . . , m'^, , n[, . . . ,n'^,, a[, . . . ,a'^,, 
b[, . . . ,b'g,, respectively, are isomorphic if and only if 

(i) r — r' and s — s' and 

(a) there are permutations p 0/ {1, 2, . . . , r} and a 0/ {1, 2, . . . , s} such that 
rn't = T^pit), a't = ap(^t), K = n^^t), (KY = Kit) for all t. 

Conversely, a tensor product (55), where r, s, < mi, . . . , m^ < I, 
ni, . . . , Tis G N and ai, . . . , ar,bi, . . . ,bs G C are non-zero, is irreducible if and 
only if 

(i) for all 1 <t u < r, 

^ ^ g±(mt+m„-2p) allO<p< min(mt, m„), and 
au 

(a) b{, . . . ,bl are distinct. 
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